Technology Assignment: Limits at Infinity

The goal of this technology assignment is to graph the function you found in Technology Assignment:
Rational Model to model the student to teacher ratio for your state. You will produce a graph similar to
the one below. Your graph should have the name of the state you have been assigned in place of xxxxx.
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Your graph should have the following characteristics:

1.

vk W

A graph of the model from Technology Assignment: Rational Model (you may modify this

function from the earlier assignment if necessary).

A horizontal asymptote that shows the student to teacher ratio leveling off at a sensible level.

The horizontal asymptote should be labeled with its equation.

Each axis should be labeled.

The graph should have an appropriate title that includes your state.

Once you have created the graph in Excel, copy and paste the graph into a Word document. Include

your name and the date in the document.

Follow the instructions in this handout to produce a graph like the one above for the state you were
assigned in the project. We'll start by discussing limits and horizontal asymptotes. Then we’ll look at

how to create the graph in Excel. You’ll turn in a Word document with the graph pasted into it.

Limits and Horizontal Asymptotes

Examining the graph above, you can see that the graph levels off at a vertical value of y =4—3f’. The

farther you move along the graph to the right, the closer the y-values on the graph get to 2. If R(t)

represents the student to teacher ratio t years after 2000, we can use limits to express this relationship

as
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lim R(t)=4—??

t—oo

This means that as t gets larger and larger, the ratio R(t) gets closer and closer to % . We can get a sense

for this by examining a table in which t values get larger. Note that

each row gives a larger value of t and the corresponding ratio. The t R(t)
ratios appear to be dropping and getting closer to a value of 10 13.5625
. L . . 20 100 13.35762
approximately 13.3333 which is the decimal equivalent of - to four
1000 13.33578
decimal places. We can estimate the value of the limit from the table, 10000 13.33358
but to get an exact value (and the location of the horizontal asymptote) 100000 13.33336
we need to evaluate this limit exactly. 1000000 13.33334

Let’s assume the graph above is the graph of a rational function

20t +17
R(t) _20t+17
15t+1
and evaluate
20t +17
Im———
too 1.5t +1
We'll need the following rule to do limits at infinity:
For any positive real number,
lim—=0
t—oo tn

This rule states that as t becomes larger and larger without bound, the function ti approaches 0. This
makes sense since for positive values of n, the denominator t" grows larger so the fraction tln gets closer

and closer to 0. This rule is also true as t decreases without bound. In other words,

Iimi:O.

t>—o0t"

oo 20t+17
Example — Evaluate the limit lim

t>o 15t +1

To evaluate a limit at infinity for a rational function, we must divide the numerator and denominator by
the largest power on a variable that appears in the numerator. In this case, the highest power that
appears in the denominator 1.5t +1 is 1. This means we must divide each term in the numerator and

denominator by t':
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0,17
im 20T e
oo 15t+1 e 15t 1

t ot

By dividing the top and the bottom by the same expression, we are making no change to the rational

function. Simplifying the expression leads to

ym20+17ym}

=—1 Utilize rules for limits
liml.5+1lim=>

t—oo t—oo t
2040 1
1540 ton t
40
K

In the example above, the degree of the numerator and denominator are the same. The examples below
illustrates what happens when the degree in the numerator or denominator are not the same.

o 2X-3
Example — Evaluate the limit lim——-.
xom X +1

To evaluate this limit, notice that the highest bower that appears on a variable in the denominator is 2.

This means that we’ll divide each term in the numerator and denominator by X2

2x 3
lim 2223 _ fjm XX’
X—>o0 X2 +1 X—>0 XZ N 1
N

2 3
w2

=lim XX

X—>00 1

t2

Using the rules for limits, we can break this limit into smaller problems,
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2.3 2limt_3im Y
||mX X — X—o X X—o X
fim 1
1+ liml+lim =
X X—>00 x—)oOX
_0-0 lim—~ =0 forn=1,2
1+0 X2 X
-0

In general, when the degree in a rational function is higher in the denominator, the limit will be zero

since the bottom grows much faster than the top.

32

Example — Evaluate the limit lim )
x>0 X +2

In this limit, the degree on the numerator is higher than the degree in the denominator. As in the
previous two examples, we'll divide each term in the rational function by the variable raised to the

highest power in the denominator, x:

limx® — lim x 1
lim==0

X0 X
X—w0 X

Iim1+limg

X—>0 X—o X

limx? —limx

_ X—>x© X—0

140

The denominator approaches a value of 1 as x gets very large. However, the numerator will get huge
lim x*
due to the presence of the term *>* . Because of this term, the fraction will grow without bound. The
limit does not exist and we write
. X=X
lim =00
x>® X+ 2

to symbolize this behavior. If the fraction had decreased without bound, we would have used -co to

indicate the behavior.
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To make the graph shown earlier in this handout, we’ll need to create a table in several parts. Once the
table is created, we'll graph that table. For this demonstration, I'll work with the rational function

_ 20t +17

R(t) =
® 15t+1

You should use the rational function you created for the student to teacher ratio in your state.

1. Open Excel. Al - a | 0
2. Inthe first column, start a table at 0 in
increments of 0.5. Fill the column to a value of A B * ¥
about 6 or 7. These are the initial t-values that 1 0
will help us to capture the sharp curve in the 2 0.5
left part of the graph. 3 1
4 1.5
5 2
i 2.5
7 3
8 3.5
9 4
10 4.5
11 5
12 3.5
13 ]
14 0.5
15 =
3. Since our graph extends to 90, we don’t want 13 6
to make our table all the way to 90 in 14 6.5
increments of 0.5. In the next cell in column A 15 10
(in this case A15), place a 10. 16 20
4. Inthe cell below, place a 20. 17 20
5. Select these two cells and fill more of the
column so that you get numbers from 10 to 90 L <]
in increments of 10. Now column A has t- 13 >0
values from 0 to 6.5 in increments of 0.5 and 20 60
then t-values from 10 to 90 in increments of 21 70
10. 22 80
23 90
24 =
25
26
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6. Incell B1, enter the formula for the function r | —(20°A1117)/(L5*ALL
for your state’s student to teacher ratio. - = ML }
7. Press Enter on your keyboard to calculate the B c D E F
value of the function. DI 1?!
[~
8. Select cell B1 and fill the rest of the column 18 40} 13.35344
with y-values corresponding to each t-value in 19 50| 13.38158
column A. 20 60| 13.37363
21 J0] 13.36792
22 80] 13.36364
23 90) 13.36029
24 =i
a5
§ § — - .
9. These two columns are the t- and y- values for | m\ e 2\ Header & Foc
the graph. Select these two columns. Lo mnfink
10. From the Insert tab, select Scatter and then T | Scatter Al wordart -
Scatter with Smooth Lines. This will place a T ; — 5
graph of the values in the worksheet. IE ©on | Jo E
H |
.-/- \| -J.'-~ g
(R l{Es
I
bg
e Scatter with Smooth Lines
PR
Compare pairs of values.

;I All  Use it when there are many data
points in x-axis order and the data
represents a function.

11. Click on the legend “Series 1” to select it and 18 -
delete it. 16 L
12. Click on one of the gridlines to select it and 147

delete it.

40 60 80 100
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13. As hoped, the function graphed here levels off = e e easan B
at a horizontal asymptote. Let’s place the = 50| 13.35155 R
horizontal asymptote on the graph. Earlier | 20 60 13.37363) 13.33333
found that the horizontal asymptote is at Ll 70 13.36732) 13.33333
y =4 . To graph this line, we need to create a 22 80 13.363b4 13.33333
column for it in the table. In cell C1, type = 23 30 13.36023) 13.33333
40/3. 24 =

14. Fill column C with this value by selecting C1 L
and stretching the fill handle.

15. Click on the curve in the graph to select it.

16. Right mouse click on the graph and choose e ik =
Select Data... _ BEE

17. In the Select Data Source box that appears, &1 Reset to Match Style
choose Add. “h Change Series Chart Type...

B Sgle%Data...
Add Data Labels
Add Trendline...
— ff‘ Format Data Series...
&0 80 100

18.

19.

In the Edit Series box, click in space below the
Series X values.

Select cell A1 and drag your mouse to further
select all of the t-values in column A.

Series name:

=
I hﬁ Select Range

Series ¥ values:
" |=sheet1gag1 58423 5 =0,05115. [

Series ¥ values:

2%

=41t B -1
) oK I Cancel | L
20. In the area labeled Series Y values, delete any m 2] x|

21.

text that appears.

While still in that area, use your mouse to
select the y-values for the horizontal
asymptote. What you see pictured to the right
means that you’ll graph values from cell Al
through A23 horizontally and values from C1
through C23 vertically.

Series name:

=
I Eﬂ Select Range

Series ¥ values:
& =0,051,15...

* |=shestiigagtgages
5] =13.33333333, 1...

Series ¥ values:
L1
. Ok I

|=Sheet1 1S $CE23

Cancel L
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22. The horizontal asymptote will be added to 18 -
your graph. Notice how the asymptote covers 15 L
up much of the function’s graph. In our next 14 1

12 A

steps, we’ll modify the graph of the asymptote

to be a thinner dashed line. 10

23. Carefully click on the asymptote to select it. ¢ m——ﬁ—
You’ll see the points become highlighted to n
indicate which graph you are on. You may

need to hunt around a bit to select the
asymptote and not the function.

24. Right mouse click on the graph. o SV S - u—-t

25. Select Format Data Series... ] Delete

£4 | Reset to Match Style

I'ih Change Series Chart Type...
5l Select Data...

Add Data Labels
Add Trendline...

] g?' Format Data Series... M -
i

0 20 40
26. The Format Data Series box allow you to Series Options Line Style
change the characteristics of the selected Marker Options . —
1 H I . 5
curve. Choose Line Style along the left side of _ . i
this box Marker Fil Compound type: = =
27. Change the Width of the curve to 1.5 pt. Line Color Dash type:
[ lnestie |
28. Change the Dash type to Dash. | Cap type:
Marker Line Caolar | — = [rerererranenene
Join type:  [mreeesesesseeen

Marker Line Style —
Arrow settings — —
Shadow | T [ - -
i ' | ——— — CF5h
3-D Format Begin type: s

Begin size:

¥ sSmoothed line
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29. Now both graphs are much easier to 18 -

distinguish. 16 L
14 -

12 A

10 A

(=T - T ]

30. In this series of steps, we’ll add a label y = 40/3 Insert i e
to the graph. Click on the edge of the graph to

- Clip Art
select it. | _ L§| nh |
31 -L? Shapes = {

. From the Insert tab, select Shapes.
Picture :

32. Select Text Box. Recently Used Shapes
IdE S SN OO O/
TR G ¢
B Lines
SINNSN L L 2
15.42857 | ‘ectangles
ns | EODOTOLC
14.46154 | DasicShapes
14.25
14.10526
14
33. Left mouse click and drag your mouse to @
create a text box near the right end of the |
graph. E’_" '__“E
O--o -4
34. Type the equation of the asymptote in the @
box. If the equation won’t fit on a single line, A A A

you’ll need to stretch the size of the box using T
the square handles along the border of the
text box.
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35. Finally, label each of the axes like you did in
Tech Assignment 2. You may also choose to
change the window a bit.

36. Copy and paste the graph of the model in your
state in a Word document. In this document,
make sure you include your name, class and
the date. Make sure you remember to save
this document as well as the Excel file you
have just created.

Model for Ratio in »xxxxx
18 -

16 i
14 y=40/3

12 4
10

Student to Teacher Ratio

(=T RS )

o 20 40 60 80 100

Yearssince 2000




